
 

ExerciseWederivetheHartree Fock equations

I Hartree Fock equations are a version ofthe Schrodinger equation describing
N fermions interactingwith an arbitrarytwo particle potential Tostart vecompute
theexpectationvalueof theHamiltonian
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Wherethewavefunctionis atotally antisymmetric combination of N single particle
wavefunctions known as a Slaterdeterminant
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It can beshown that Mvanishes unless the Oi's arelinearlyindependent so

by Gram Schmidt we can guaranteethat
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Furthermore Weremarkthat Xmay
include positionspin and isospin lie protonus

neutron information andtheintegrals overthesequantities shouldbeunderstoodaccordingly

First we compute T
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Weremarkthat undertheinterchange Xi F Xp thisexpression remainsinvariant

sowe can replacetheoutersumwith N copiesofonetermWechoosetheTIX term
withoutlossofgenerality substitutingthe definitionoftheSlaterdeterminant wehave
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Suppose he fix iz in Then i willonlyhave onepossiblevalueif
Ei in isnottovanishThis impliesthat j can alsoonlyhaveonepossible
value ofEj is in isnot tovanish ji in Thus our expression

further

simplifiesto
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Theintegral onlydepends onindex i andnot onanyof
the
remaining

indices

For each valve of it the willbe N l copies ofthesaneintegral inthesum
Thus wehave
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Next we compute It
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Weobserve that Xi f Xe Xj f Xm leavestheintegralinvariant

so we can simplyreplacethesumby N N 1 12 copiesof a single integral
Without loss ofgenerality we choose theintegral of V41X2 Makingthis

substitut

our expression becomes
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Now suppose wefix is in There are onlytwocases thatthe LeviCivitasymbols

willnotvanish Ifj or i jz Thelatterwillbesubtractedfromtheformer
due tothe antisymmetry ofthe Levi Civitasymbols uponthe interchange oftwo

indices

Wealsoremark that the indices is in otherwisedonotcontributetothesumand
insteadprovide N 2 copies ofthesummand Combining

these tworesults our

expectation valve simplifiesto
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It follows that the expectationvalueoftheHamiltonianis gienby
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havingcomputed theexpectationvalve wenow
findthesingle particle

wavefunctions

Okwhichminimize the expectation subjecttothecondition tht Oi 0 Sij

Inthelanguage of functional differentiation this canbephasedas
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Usingthe
definitionofthe functional derivative
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Hispossible to derive the followingidentities
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Wenow compute the functional derivatives
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where we used inthelastlinethat Vx z V Z X Now letus
define
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Then wehave
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Finally we differentiate
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thus combiningour results heget
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Finally we recognize that
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I'msorrythat I don't

understand thislastpart aswellas I should

Thatis I is Hermitian so it can bediagonalizedbya unitarymatrix
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this looks liketheSchrodingerequation exceptithasan additional exchange term Solving

twouldyieldtheoptimalsingle particlewavefunctionsbutitis an extremely complicatedequation


